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Abstrat
In this talk we present some studies in the approah to equilibrium of the lassial λφ4 theory on
the lattie, giving partiular emphasis to its pedagogial usefulness in the ontext of lassial statis-
tial eld theory (suh as both the analytial and numerial evaluation of orrelation funtions), as
well as in the ontext of statistial mehanis (suh as the equivalene of ensembles in the thermody-
nami limit). Sine the quarti term ould be regarded as a smooth perturbation to the (integrable)
gaussian theory, we also disuss the onnetion of our results with the KAM theorem, showing that
the ergodi and non-ergodi regimes are not sharply separated.
1 Introdution
There has been some interest reently in lassial elds as eetive theories for nite temperature quan-
tum eld theory (see, for instane, [1, 2℄). Furthermore, phase transitions, thermalization, ergodiity
and all that from statistial mehanis are still topis of muh researh in the ontext of eld theories.
This talk will be based mostly on Aarts' paper [3℄, whih presents some results in the thermalization
of the λφ4 theory on the lattie for various ensembles. We will be interested, in partiular, in deriving
analytial results related to the anonial ensemble in equilibrium and omparing them with the results
of lattie simulations out-of-equilibrium, showing how the thermalization of the theory depends on λ.
This latter result is disussed in onnetion with the KAM theorem [4, 5℄, whih in the ontext of the
Fermi-Pasta-Ulam problem has already been studied by Parisi elsewhere [6℄. Although the simulations
are done in a losed miroanonial system, in the thermodynami limit we reover the equivalene
of the ensembles [4℄, therefore justifying the derivation of the orrelation funtions with the anonial
probability measure.
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2 The Classial λφ4 Theory
We will adopt the traditional λφ4 ation in 1+1 dimensions:
S =
∫
dt
∫ L
0
dx
[
1
2
(∂tφ)
2 −
1
2
(∂xφ)
2 −
1
2
m2φ2 −
1
8
λφ4
]
. (1)
The equation of motion for this ation ould then be obtained diretly using the eld version of the
Euler-Lagrange equation:
∂L
∂φ
−
∂
∂x
∂L
∂(∂xφ)
−
∂
∂t
∂L
∂(∂tφ)
= 0, (2)
where L is the lagrangian density:
L =
1
2
(∂tφ)
2 −
1
2
(∂xφ)
2 −
1
2
m2φ2 −
1
8
λφ4. (3)
Then the equation of motion is:
∂2t φ = ∂
2
xφ−m
2φ−
1
2
λφ3. (4)
The energy density is also easily obtained as the Legendre transform of L:
E = π∂tφ− L =
1
2
π2 +
1
2
(∂xφ)
2 +
1
2
m2φ2 +
1
8
λφ4,
whene we obtain the energy funtional:
E[φ, π] =
∫ L
0
dx
[
1
2
π2 +
1
2
(∂xφ)
2 +
1
2
m2φ2 +
1
8
λφ4
]
, (5)
with π = ∂L/∂φ˙ = ∂tφ the onjugate momentum to φ.
3 Equilibrium Properties
We start our statistial study by writing down the equilibrium partition funtion for the lassial salar
eld theory:
Z =
∫
dπ
∫
dφ exp (−βE[φ, π]) , (6)
where the funtional measures dπ and dφ are the ontinuum limiting ases of, respetively,
dπ =
∏
i
dπi, dφ =
∏
i
dφi
Sine the λφ4 term makes our φ integral non-gaussian, we shall analyze expetation values for the
(gaussian) anonial momentum π:
〈π(x)〉T =
∫
dπ
∫
dφ exp (−βE[φ, π]) π(x)
Z
,
2
〈π(x)π(y)〉T =
∫
dπ
∫
dφ exp (−βE[φ, π]) π(x)π(y)
Z
,
whih, after isolating the φ integral and aneling ommon terms with Z, redue to the following
expressions:
〈π(x)〉T =
∫
dπ exp (−βE0[π]) π(x)
Z0
, 〈π(x)π(y)〉T =
∫
dπ exp (−βE0[π]) π(x)π(y)
Z0
with:
E0[π] =
∫ L
0
dx
1
2
π2 and Z0 =
∫
dπ exp (−βE0[π])
In order to ompare these expetation values with the numerial ones (i.e., in the lattie), we evaluate
the above expressions using the disrete version with lattie spaing a:
〈π(x)〉T =
1
Z0
∫
...
∫ +∞
−∞
∏
i
dπi exp

−βa∑
j
(
1
2
π2j
)
 πx,
〈π(x)π(y)〉T =
1
Z0
∫
...
∫ +∞
−∞
∏
i
dπi exp

−βa∑
j
(
1
2
π2j
)
πxπy.
Let us begin with the expetation value 〈π(x)〉T , whih after some simpliations with Z0 redues to:
〈π(x)〉T =
∫ +∞
−∞ dπx exp
(
−βa2 π
2
x
)
πx∫+∞
−∞ dπx exp
(
−βa2 π
2
x
) = 0, (7)
where we have used the fat that we are integrating an odd funtion in a symmetri interval. The
two-point orrelation funtion is obtained likewise:
〈π(x)π(y)〉T =
1
Z0
∫
...
∫ +∞
−∞
∏
i
dπi exp

−βa∑
j
(
1
2
π2j
) πxπy =
=
∫ ∫+∞
−∞ dπxdπy exp
[
−βa2
(
π2x + π
2
y
)]
πxπy∫ ∫+∞
−∞ dπxdπy exp
[
−βa2
(
π2x + π
2
y
)] = T
a
δxy, (8)
where we took kB = 1 so that β = 1/T and have used the following general result for gaussian integrals:
〈vnvm〉 =
1
Z
∫
...
∫ +∞
−∞
dN~v exp

−1
2
∑
i,j
Aijvivj

 vnvm =
(
A−1
)
nm
, (9)
with Aij a symmetri matrix and Z a normalization onstant (see, for instane, [7℄).
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As in [3℄, we shall study observables onstruted from the following two generating funtions:
G(2)(t) =
1
N
∑
x
π2(x, t), G(4)(t) =
1
N
∑
x
π4(x, t) (10)
We now present a useful result for the orrelation funtions onstruted from these generating fun-
tions in equilibrium: 〈
G(4)
〉
T
=
〈
π4
〉
T
= 3
〈
π2
〉2
T
= 3
〈
G(2)
〉2
T
, (11)
whih ould be easily derived using the following relation for gaussian integrals [7℄:
〈vnvmvpvq〉 =
(
A−1
)
nm
(
A−1
)
pq
+
(
A−1
)
np
(
A−1
)
mq
+
(
A−1
)
nq
(
A−1
)
pm
,
where A is the same matrix whih appears in (9).
We emphasize that these results were obtained in the anonial formalism, and are therefore restrited
to either a system oupled to a heat bath, or an isolated system in the thermodynamial limit, where
the anonial and the miroanonial ensembles are equivalent. Otherwise these results should be taken
only as an approximation whih beomes better for larger ensembles, i.e., lose to the N →∞ limit.
4 The Lattie Formulation
We have obtained the lattie version of the ontinuum λφ4 theory using seond-order approximations
for the derivatives in the equation of motion (4) (inidentally I also disuss these disretizations with
some details elsewhere [8℄). We have then the leap-frog sheme:
φn+1i − 2φ
n
i + φ
n−1
i
∆t2
=
φni+1 − 2φ
n
i + φ
n
i−1
∆x2
−m2φni −
1
2
λ (φni )
3 ⇒
φn+1i = ρ
(
φni+1 + φ
n
i−1
)
+ 2(1 − ρ)φni − φ
n−1
i −∆t
2
[
m2φni +
1
2
λ (φni )
3
]
, (12)
with ρ = (∆t/∆x)2. The above equation ould then be solved iteratively for later times expliitly in
terms of known values at times n.
We have solved equation (12) with periodi boundary onditions, together with the following (out-
of-equilibrium) initial values for φ and π (again from [3℄):
φ(x, 0) = 0, π(x, 0) =
(ne)∑
k
A cos(2πkx/L− ψk), (13)
where ψk is a random number in the range [0, 2π), and the sum over k has ne terms suh that we only
exite momenta of the order of the mass. The above initial onditions ould be implemented using
a rst-order retarded dierene sheme approximation for π = ∂tφ, furnishing us with the following
4
disrete variables:
φ0i = 0, φ
−1
i = −∆t
(ne)∑
k
A cos(2πkx/L − ψk). (14)
We have also tried a number of dierent ratios ∆t/∆x in order to guarantee the stability of the
solutions sine the standard Courant ondition [8℄ annot be naively applied here (due to the additional
terms of rst and third order). We have found stable solutions for ρ = 1/4 with m = 0.001 and λ ranging
from ≈ 0 to 1000.
5 Observables
We simulate our miroanonial ensemble by generating Nc opies of the system with a given xed
energy E, whih depends only on the initial amplitude A, on the linear dimension L and on the number
of exited modes ne, as an be seen by equations (5) and (13).
In order to have a time-dependent expetation value for the observable O in this ensemble, we take
the average over the opies at eah instant t:
〈O〉Nc (t) =
1
Nc
Nc∑
n=1
On(t)
Sine we are interested in the approah to equilibrium, we shall hoose observables that ould be
easily ompared with the equilibrium ones. In our simulations we have restrited ourselves to the funtion
dev(π) dened in [3℄, whih is a measure of how muh π deviates from being gaussian. Using the already
shown relation (11) and the following denition, we see that dev(π) is a good measure of how far we
are from equilibrium:
dev(π) =
〈
G(4)
〉
Nc
(t)
3
〈
G(2)
〉2
Nc
(t)
− 1, (15)
with dev(π)→ 0 as the thermalization is attained.
6 The KAM Theorem
A useful theorem in the study of the ergodiity of nite systems is the KAM theorem (see, for instane,
[4, 5℄). We will follow these two referenes and stik to the qualitative view of the theorem, whih
roughly says that if the Hamiltonian of our nite system has an integrable term H0 (i.e., it has some
integrals of motion) plus a smooth perturbation gH,
H = H0 + gH,
then for suiently small g the system will not be ergodi. This might suggest that there is a ertain
ritial value of g whih separates sharply the ergodi and non-ergodi regimes, and indeed it was found
5
0 50 100 150 200
Time
−0.8
−0.6
−0.4
−0.2
0
0.2
de
v(pi
)
Figure 1: Time-dependene of dev(π) for dierent values of λ. From top to bottom: λ = 1000, 100, 10, 1.
These results were run for an ensemble of Nc = 10, all of whih with N = 200 lattie points. In order
to make the graph learer, we have redued the utuations by taking loal time averages of length 50
time-steps.
in some numerial simulations of the FPU problem [4℄. However, as we will show later, our system
presents a smooth divergent behavior of the relaxation time as λ → 0, thus exluding the existene of
the above ritial value.
The gaussian model, whih is obtained by taking λ = 0 in our theory, has a losed-form solution with
onstants of motion and is therefore restrited to sweep a very limited area in the phase spae. Thus,
the ergodiity ondition
lim
t→∞
∫ t
0
dt′g[C(t′)]→
1
Ω
∫
dµ(C)δ (E −H(C)) g(C) (16)
with dµ(C) the measure of the onguration spae and Ω a normalization onstant, is not satised, so
this system is not a good statistial ensemble.
However, in the non-linear λ 6= 0 ase (i.e., with a term of order φ3 in addition to the linear term in
the equation of motion), we might expet ergodiity for some values of E and λ, and in fat this system
has already been studied also by Parisi in the ontext of a hain of anharmonially oupled osillators
(the well-known Fermi-Pasta-Ulam problem [6℄). It is found in this latter paper that the system doesn't
present the ritial g said above; on the ontrary, it always relax towards equilibrium, although with
divergent time sales as g → 0. Here we shall also analyze these issues, albeit with a dierent approah.
7 Simulation Results and Disussions
We have run the simulations on the lattie desribed previously for dierent values of λ and N (we have
xed both the lattie length L = 1 and the mass term m = 0.001, sine these values together with λ
6
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log(λ)
−6.5
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−4.5
−3.5
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g(β
)
Figure 2: Behavior of the slope β (see Figure 3) for dierent values of λ. We see here both the alulated
values (irles) and the linear tting. Sine β measures the rapidity with whih the thermalization is
attained (at least initially), we see that the relaxation time diverges as λ→ 0.
ranging from 1 to 1000 allowed the system to behave in very dierent ways, thermalizing within t = 100
for λ ≈ 1000 and being almost loked in the initial phase for λ ≈ 1). The results for dierent values of
the oupling onstant are shown in Figures 1 and 2 (the slope β used in Figure 2 is explained in Figure
3). We notie that the relaxation times depend strongly on the oupling onstant, being the faster times
for greater λ.
These results are in good agreement with [6℄, whih found no ritial value for the oupling onstant
(albeit in the already mentioned ontext of the FPU problem) and also disuss the apparent existene of
this ritial value when one interprets naively the relaxation times in similar plots. We see from Figure 2
that the rapidity β vanishes in a power-law as λ→ 0. Sine in all of our numerial studies the funtion
dev(π) presented an almost monotoni inreasing behavior, we found that β, although not a preise
measure of the relaxation time, has proven to be a very eluidative tool in estimating the time-sales in
our restrited spetra of parameters.
We have also studied our system with regard to its dependene on the number of sites N . We
remember that dev(π) was dened using anonial expetation values, whereas our system is a ompletely
losed (miroanonial) ensemble. We justify this approah by noting that in the thermodynami limit
(i.e., N →∞) the statistial ensembles should be equivalent (exept, perhaps, for very rare systems whih
we won't touh here). We illustrate this behavior in Figure 4, where we an see that our miroanonial
dev(π) tends to the anonial zero value as N → ∞. The values used in this gure were obtained by
doing an average in the quasi-stationary regime (following Aarts), where the system doesn't show any
tendeny of hanging the expetation value of dev(π).
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−1
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−0.5
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v(pi
)
Figure 3: How to obtain β from Figure 1. The symbols represent the numerial results (with loal time
averages), whereas the lines are linear ttings. The rapidity β is dened as the slope of the linear
tting from t = 0 to 10. The upper urve is for λ = 100 and the lower one is for λ = 1 (the lower urve
has been shifted down by 0.4 in order to make the graph learer).
0.001 0.002 0.003 0.004 0.005
1/N
−2
−1.5
−1
−0.5
0
de
v(pi
) (
x1
0−
4 )
Figure 4: dev(π) in the quasi-stationary regime (180 < t < 200, λ = 1000) for dierent values of N .
The triangles show the numerial results whereas the lines are straight-line interpolations.
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8 Conlusions
We have studied numerially the approah to equilibrium of the λφ4 theory, showing the strong depen-
dene of the relaxation times on the oupling onstant λ. In order to analyze how far the theory is from
equilibrium, we have adopted an observable whih ould be dened loally in time during the simulation
and also easily alulated in equilibrium using the standard anonial probability measure, depending
essentially on the onjugate momentum π.
We have also dened a quantity β (whih we alled rapidity) whih measures how fast our theory
is approahing to equilibrium. This quantity, as dened here, does not measure the overall behavior of
the thermalization, but furnishes us with a good illustration of the divergent behavior of the relaxation
time as the oupling onstant vanishes. This result is not, at rst sight, to be expeted when one looks
at the KAM theorem, sine it might suggest a ritial behavior of the relaxation times with λ.
We nish our study by showing how the system behaves for large values of the number of sites N ,
nding the vanishing of the quasi-stationary expetation value of dev(π) as N →∞. This latter result
justies the use of the anonial probability measure to alulate the equilibrium expetation values.
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